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Abstract. Penetration testing, the deliberate search for potential vulnerabilities in a system by using attack techniques, is a relevant tool of
information security practitioners. This paper adds penetration testing
to the realm of information security investment. Penetration testing is
modeled as an information gathering option to reduce uncertainty in a
discrete time, finite horizon, player-versus-nature, weakest-link security
game. We prove that once started, it is optimal to continue penetration
testing until a secure state is reached. Further analysis using a new metric for the return on penetration testing suggests that penetration testing
almost always increases the per-dollar efficiency of security investment.

1

Introduction

Information security investment decisions have recently attracted the attention
of researchers from computer science, economics, management science, and related disciplines. The emerging topic of the economics of information security
aims at formalizing these decisions, but there is still a gap between the formal
models and experiences in practice [1]. In particular, information gathering options of defenders of computer systems differ from other scenarios. Penetration
testing (short: pentesing), the focus of our paper, is an example of proactive information gathering options specific to computer systems. Penetration testing is
widely used in practice, but its effects have not been reflected in the information
security investment literature.
In this paper, we build a model on a simplified version of the iterated weakest link (IWL) model of dynamic security investment [2, 3] which emphasizes
the role of uncertainty in security decision making. The original IWL model explains why a defender facing uncertainty about which threats are most likely to
realize might defer security investment and learn from observed attacks where
the investment is most needed. The benefits of more targeted investment may
outweigh the losses suffered through non-catastrophic attacks, thereby increasing the return on security investment (ROSI). We extend the IWL model by an
option to commission pentests as a means to reduce uncertainty. Indeed, waiting
for actual attacks need not be the only way of gathering information to guide
security investment. Uncertainty can also be reduced by observing pre-cursors of

attacks or near misses [4], information sharing [5, 6], or investment in information gathering. Penetration testing can be seen as information gathering prior
to investing into protection against so-identified threats.
Penetration testing is also referred to as “ethical hacking” because the commissioned penetration testers investigate the target system from an attacker’s
point of view, reporting weaknesses rather than exploiting them. The aim of
this work is to study the added benefits and costs of penetration testing to the
entire system defense. The similarity between pentesting and attacks leads to
the intuition that information revealed by pentests should be modeled in exactly
the same way as information revealed by attacks. Yet there exist differences on
the cost side: pentests cause calculable up-front costs, whereas costs associated
with successful attacks are typically more volatile, much higher, and borne ex
post. For all other modeling decisions, we stay close to the original IWL model,
and we refer the reader to [2] for a more detailed discussion of its features.
This paper makes the following contributions:
– it provides a first attempt to study information gathering options by pentesting in the framework of the economics of security investments;
– it contains a proof that in this model, pentesting should be done consistently
once started;
– it defines a metric for return on penetration testing (ROPT);
– and it demonstrates that pentesting not only increases total profit for the
defender, but also increases (most of the cases) the per dollar efficiency of
security investments.
The remainder of this paper is organized as follows. After recalling the context
of related work in Section 2, we describe in Section 3 our approach to include
penetration testing as information gathering step into an established model of
security investment. Section 4 presents solutions of the model. Section 5 defines
the ROPT metric and demonstrates how the model can be applied in investment
decision making. The final Section 6 concludes with discussion and outlook.

2

Related Work

Information security investment have been studied from the economics perspective. Gordon and Loeb [7] formulate a basic economic model. They argue that
taking both the risk profiles of vulnerabilities and the cost to protect them into
account, the best investment strategy for a defender is to protect the mid-range
of vulnerabilities.
Intrusion detection systems (IDS) build a solid line of defense against most
outside attackers, but the systems are notoriously difficult to configure. Cavusoglu et al. [8] study the value of intrusion detection systems and argue that
the main benefit of IDSs is not the increased detection rate, but the deterrence
of the system and the increased availability of information for forensics. Using
their analytical model, they found that an IDS is only valueable if the detection

rate is high enough. The authors show that the threshold for an IDS to be valuable is determined by the attacker’s benefit. The attacker’s benefit is difficult
to assess in practice [9], that makes the model difficult to apply in practice. In
a subsequent paper, Ogut et al. [10] study intrusion detection policies using a
decision-theoretic framework. They describe a scenario where defenders wait and
gather more information about potentially malicious users instead of acting on
IDS signals immediately. They propose an optimal waiting strategy as well as
a myopic heuristic that relies on less parameters; hence it is easier to apply in
practice.
Penetration testing is an important method to assess the vulnerability of
a computer system before it is deployed. Geer and Harthorne [11] argue that
penetration testing requires special skills because attacks are unknowable and
hence innumerable in advance. They informally discuss the value of penetration
testing and connect it to the formulation of the return on security investments
(ROSI). The authors advocate the evaluation of penetration test results in the
light of a risk assessment. Arkin et al. [12] provide an insight into software
penetration testing practices. They mostly argue for better integration of testing
during the development cycle of software systems. They agree with [11] that
penetration test results should not be considered as a final checklist, but rather
as a sample from the potential problems. They emphasize that decision makers
often stop penetration testing after an initial round, because “having found the
issues” gives them a false sense of security.
A leading survey of industry participants ([13], Fig. 20) reveals that the
majority of responding firms performs penetration testing in practice. Yet, we
are unaware of prior theoretical work that formalizes penetration testing as a
specific tool available to the information security manager.

3

Model

Our model extends [2]. The defender operates a system that represents an asset
of value a yielding a return r per period. The defender protects this system
against a dispersed set of attackers. We do not distinguish between different
attackers, rather we consider the group of attackers as a single attacker entity
with enhanced capabilities. There exist n possible components of the system
that are threatened by an attack.1 Each threat can be prevented by investing
into the protection of the specific component and we assume that a protection
is always effective. The defender orders the threats according to their expected
cost x̄1 ≤ x̄i ≤ x̄n , but the true costs to attack xi is hidden from the defender.
This reflects the opinion of many practitioners who remain skeptical about the
quantifiability of attack probabilities but reckon it is possible to order threats
by severity. There are no restrictions about the source of prior beliefs about this
order. It can result from individual judgement, semi-formal aggregation of expert
opinions, or formal calculations of threat prioritization using system models[14].
1

Alternatively, the notion of ‘components’ can be substituted by ‘attack vectors’.
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Fig. 1. The defender forms expectations about the order of attack costs for different
threats (here: i = 1, . . . , 8) but remains ex ante uncertain about the true costs

We model the true costs to attack as
xi = sup(0, x̄i + χi )

with χi ∼ N /(∆x)2

and x̄i = x̄1 + (i − 1) · ∆x, (1)

where N is a mean-free Gaussian random source with standard deviation σ ≥ 0.
This parameter controls the degree of uncertainty and it is key to analyze the
usefulness of penetration testing as uncertainty varies. Figure 1 visualizes the
influence of σ in introducing noise, i.e., adding unknown offsets between actual
and expected costs. Higher values of parameter σ indicate that the defender’s
order of threats differs more from the true order of costs to attack.
The order is relevant because in each round, the attacker exploits the weakest
link. That is, she attacks the unprotected component with the least true cost 2
and loots a fraction of z from asset a. The attacker is opportunistic in that she
attacks only if the benefits (i.e., the defender’s losses) exceed the cost of attack.
Hence, a secure state can be reached when all vulnerable components that can
be attacked below the reservation cost of attack are protected.
We model the interaction between the defender and the attacker as a dynamic, discrete time, finite horizon, player-versus-nature game. In the initial
round (t = 0), the defender chooses her defense configuration to protect against
the k most possible threats 1, . . . , k. A unit cost of 1 is incurred per protection
and round. As the realizations of (x1 , . . . , xn ) are unknown, any other initial
configuration would lead to inferior outcomes on average.
In the following reactive rounds (t = 1, . . . , tmax ), four steps are iterated:
2

The intuition is that our attacker model represents the ensemble of individual attackers that are likely to discover the weakest link.

1. The defender chooses whether or not to commission a pentest at cost c > 0.
2. If a pentest has been executed, it succeeds with probability p > 0 and reveals the next weakest link i with true attack cost i = arg minj xj over all
unprotected links j. The defender protects i. This increases her defense cost
by 1 in the current and all subsequent rounds.3
3. An attack occurs if at least one xi ≤ z · a. If so, the defender learns which
link i was the weakest and incurs a loss of z ·a. Otherwise the defender learns
that the system has reached a secure state.
4. The defender chooses whether to upgrade the defense configuration and protect against the threat revealed in the last attack. This increases her defense
cost by 1 for all subsequent rounds.
Observe that steps 3 and 4 exactly correspond to the original model in [2], steps
1 and 2 are new to introduce pentests as means of information gathering. For
simplicity, we do not consider sunk costs or interdependent defenses here, i.e.,
λ = 0 and ρ = 0 in the notation of [2]. Like the original model, the defender is
risk neutral.

4

Analysis

Although the model is simple, its solution is not trivial. Figure 2 depicts an
excerpt of the defender’s optimization problem in extensive form. Observe the
pairwise alternation of moves by player and nature and the repetition of steps 1
to 4 in each round.
The defender starts at node S and chooses the initial level of defense k. Nodes
annotated with T are terminal nodes:
T0 : this singular case corresponds
 P toknowingly indefensible situations, i.e., if
r ≥ z and a · (r − z) < E n1 i xi . In this case, the defender refrains from
investing in security and rather accepts the losses due to attacks in each
round. The value of this node is
T0 = tmax · a · (r − z).

(2)

T1 : this case corresponds to the arrival at a secure state. The defender’s goal
is to reach a node of type T1 as soon as possible. The deterministic value
of these nodes is a function of t, k, and the number of successful pentests
|M+ |,
T1 (t, k, |M+ |) = (tmax − t + 1) · (r · a − t − k − |M+ | + 1).

(3)

T2 : this is the case when the system is found indefensible only after revelation of
realizations of nature. In an indefensible situation, the defender would always
3

As defense costs are constant for each threat, the decision to defend upon revelation
is cogent. Otherwise it is always better not to commission the pentest in step 1.
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Fig. 2. Extensive form of the optimization problem

...

prefer T0 over any T2 (where costs for ineffective defenses are unrecoverably
sunk). The deterministic value of these nodes is a function of t,
T2 (t) = (tmax − t + 1) · a · (r − z).

(4)

Since the influence of nodes T2 is negligible for the parameter settings used
throughout this paper, we do not consider them in the analysis for brevity.
The dashed branches leading to an asterisk node are decisions not to pentest
even though at least one pentest has been commissioned in an earlier round. Theorem 1 states that these paths are strictly dominated by the alternative choice
and can indeed be eliminated to simplify the extensive form representation.
Theorem 1 Once the defender starts pentesting, she will keep doing it until a
secure state is reached.
Proof. We use Lemma 1 proven in the appendix. It gives us the following expression for the total profit of a defender as a function of the initial defense k,
the set of rounds in which pentests are commissioned M = {m1 , . . . }, and a
fixed number of unprotected components K:
G=

|M|
tX
K
max
X
X
(a(r−z)−(k+t−1))+ (az−c−(K−i−mi +2))+
(ar−(k+K)). (5)
t=1

i=1

t=K+1

The contribution of each pentest i to the total profit depends on the round
mi when the pentest is commissioned. The second sum of Eq. (5) shows that the
marginal benefit of penetration testing increases with the number of rounds in
the game. Thus, if a defender decides to commission pentests in round t, then
she will keep doing it in each round u > t until all weak links are discovered. t
u
Pentests are successful with probability p. For p < 1, M can be partitioned
ex post into two disjoint subsets M = M+ ∪ M− of rounds with successful,
respectively unsuccessful penetration tests. Since the pentests are independent
events, we can simply multiply their contribution with their respective probability. Hence the expected value of (5) becomes:
|M|
tX
K
max
X
X
E[G] =
(a(r−z)−(k+t−1))+p
(az−c−(K−i−mi +2))+
(ar−(k+K)).
t=1

i=1

t=K+1

(6)
An intuitive way to analyze the composition of the revenue is a graphical
representation, as depicted in Fig. 3. The figures show a schematic representation
with infinitesimally small rounds. The costs are proportional to the shaded areas
defined by the asset value a, the loss due to attacks z, the total number of weak
links K, the number of proactive defenses k, the cost of a pentest c and the
probability of a successful pentest p.
The first figure shows the case when no pentests are commissioned and the
weak links are discovered one-by-one until all K are protected. During this time,
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Fig. 3. Comparison of costs in scenario without (left) and with pentesting (p = 1,
center) for infinitesimally many rounds; costs are proportional to areas; the success
probability p defines the slope of the gradient towards reaching the secure level K
(center versus right); note that K is a random variable unknown to the decision maker
ex ante; pentesting is worthwhile if the expected value of the light area (savings) exceeds
the expected value of the dark area (direct and indirect cost of pentesting)

the attacker loots (K − k) · a · z profit from the asset. While protecting the asset,
the defender spends the proactive protection cost (K − k) · k and the reactive
protection cost K−k
2 . In round K − k, all weak links are protected and the
defender maintains the defense cost K for all subsequent rounds. That prevents
the attacker from looting the asset.
The second figure shows4 that pentesting with p = 1 introduces two additional costs: the cost of pentests c and the cost of the resulting protection; both
costs are shown as dark areas in Fig. 3. Pentesting has a benefit (the light grey
areas in Fig. 3) of discovering weak links earlier than without pentests and this
reduces the looting cost from the attacker. Having p = 1 doubles the speed of
discovering weak links (the slope of protection costs is two) and halves the total
looting cost. The defender chooses to perform pentests as long as the benefit due
to prevented attacks is higher than the pentesting costs. The third figure shows
a case when pentests are less efficient and hence their effect to reduce cost due
to attacks decreases. Nonetheless, the defender has to pay the cost of pentesting
for each try.
From Theorem 1, we know that the defender performs pentests from m1 until
the attacks stop. Then, we can write the expected number of pentest as:


K + 1 − m1
E[|M|] =
1+p
4


(7)

We show the most likely case where the pentesting starts from the first round, but
the figures can easily be adapted to the case when pentesting starts at a later round.

The number of pentest depends on whether the last weakest link is protected
following a pentest or an attack. Let  be an indicator variable showing if the last
weak link is fixed after a pentest or an attack. If the last weak link is discovered
by a pentest, then  = 1, otherwise  = 0.
From (7) and using , we can derive the optimal number of pentests and the
optimal time to start pentesting. The derivation is in the appendix. Substituting
the optimal number of pentests into (6), we obtain an expression for the expected
total profit with optimal number of pentests for a fixed K. The direct application
of this expression, however, is impeded by the fact that the overall profit is largely
determined by a discontinuous boundary condition and the randomness of K.
While k and m1 are choice variables, K is a discrete random variable with
known distribution but a priori unknown realization. Similar to [2], the optimal
defense strategy can also be found by numerically summing up the expected
total profit over the domain of K and finding the maximum of a grid search for
the tuple of choice variables (k, m1 ). A result of a numerical maximization with
a selected set of parameters is shown in Fig. 4, indicating the optimal strategies
with and without access to pentests. For our example set of parameters, the
total profit of the defender is optimal if she starts pentesting in the first round.
We also observe that the initial investment in defenses k is lower in the case
of pentesting as opposed to the case where no pentests are commissioned. The
reason is that some resources spent on proactive protection are now reallocated
to a more efficient discovery of weak links using pentests.

5

Return on Penetration Testing (ROPT)

Several definitions exist to measure the return on security investment (ROSI)
[15]. We follow the approach in [2] and choose an indicator normalized by the
average security investment per period [16]. Without pentesting we have,
ROSINPT =

ALE0 − ALENPT − avg. security investment
,
avg. security investment

(8)

where ALE is the annual (i.e., per period) loss expectation for two cases:
– ALE0 : a baseline case where no security investment is made,
– ALENPT : with security investment but without pentesting.
Higher values of ROSINPT denote more efficient security investment. A natural
extension to penetration testing is to define:
– ALEPT : loss expectation with security investment and pentesting.
However, there is no straightforward way to measure the specific return on penetration testing by plugging both ALENPT and ALEPT in the numerator of
Eq. (8). The reason is that the fraction of security investment related to penetration testing is difficult to identify since it consists of direct costs c and indirect
costs from defenses set up earlier than without pentesting (cf. Fig. 3). Yet another source of indirect benefits is not visible in Fig. 3. The possibility to do
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following parameters: asset value a = 1000, return r = 5 %, loss given attack z = 2.5 %,
profile of expected attack costs (x1 , ∆x) = (15, 1), uncertainty σ = 4, pentest cost
c = 0.5, pentest success p = 100 %, n = tmax = 25; m1 = 0 means no pentest at all

pentests can lead to a lower optimal initial defense k (cf. Fig. 4). If these benefits match or exceed the direct and indirect costs of pentesting, then the defender
can face situations where she invests equal or less and still achieves higher security than without pentesting. In this case, funds are shifted from investment in
protective measures towards spending on information gathering. This seemingly
odd result once again demonstrates the special role of pentesting and the need
to appropriately reflect it in security investment models. For such special cases,
the normalizing term based on the simple difference becomes zero or negative.
This would lead to undefined values for ROSI.
To fully characterize the effects of pentesting, we propose the following metric
called return on penetration testing (ROPT):
ROPT = ROSIPT − ROSINPT ,

(9)

where ROSI is calculated according to Eq. (8) with ALEPT and ALENPT , respectively. Consistent with the interpretation of ROSI as the dollar amount of
prevented losses per dollar of security spending, ROPT can be understood as the
dollar amount of additionally prevented losses per dollar if security investment
is optimized with penetration testing.
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Fig. 5. Profile of return on penetration testing (ROPT) as uncertainty increases for
varying cost of pentesting (c = 0.5 is half of the cost per protection measure and round)

Fig. 5 shows numerical values of ROPT as a function of uncertainty for the
example set of parameters used in Fig. 4 and the pentest cost c. Observe for
each curve that ROPT first increases with σ, then decreases until it approaches
a constant value. The first increase in the ROPT values can be explained by the
benefit of pentesting to gather additional information. A defender who commissions pentests invests less into proactive defenses and more into pentests and this
benefit increases as uncertainty about true attack costs increases. ROPT starts
to decrease when proactive defenses with pentest reach zero (e.g., kP T = 0)
meaning that a defender using pentests relies exclusively on reactive defenses,
whereas a defender who does not commission pentests still invests in proactive
defenses (kN P T > 0). ROPT becomes constant when uncertainty is so high that
both defense strategies avoid the proactive defense period (kP T = kN P T = 0).
The ROPT value is mostly positive (can be as high as 50%), meaning that
pentesting brings a significant per dollar efficiency to security investments. However, if the pentesing cost c becomes relatively high (c = 10 is one order of
magnitude higher than the defense cost of a weak link) then ROPT might turn
negative, indicating that pentesting is a more costly security investment alternative than no pentesting. We emphasize that even in this case, the total profit
of the defender increases with pentesting until the defense cost including pentesting reaches the looting cost. Thus we conclude that pentesting is a beneficial
defense option for a wide range of parameters.

6

Discussion and Conclusion

In this paper, we leveraged the iterated weakest link model of [2] to propose
a framework that accounts for penetration testing, an important information
gathering option when making security investment decisions. To the best of our
knowledge, this is the first paper that explicitly models penetration testing and
shows its potentially catalyzing effect on the efficiency of security spending. We
are also the first to propose ROPT, a metric to account for the efficiency of
penetration testing.
Our model formalizes much of the informal discussion in other papers about
security investments and pentesting. Ogut et al. [10] study intrusion detection
policies and propose a model for optimal waiting time to act on intrusion signals.
Our model recovers the same mentality by allowing the defender to invest less in
proactive security and fix the weak links reactively after an attack occurs. Our
model also formalizes the arguments of Geer and Harthorne [11] who emphasize
that the results of penetration testing should be considered in the light of risk
assessment rather then perceived as a security todo list. Arkin et al. [12] iterate
on this view by stating that security decision makers should follow-up on the
insights uncovered by pentesting. We proved that in the IWL framework, commissioning pentests is the best strategy for the defender until all weak links with
feasible attack costs are protected.
We conjecture that our model captures the basic mechanisms in security
investments with pentesting. Nonetheless, as any formal model, it has its shortcomings. We model the security investment process as a finite-horizon game
between the defender and the nature player. A natural extension of this paper
to consider the attackers as rational players. We acknowledge this future direction, but point to the fact that the profit functions of the attackers are relatively
difficult to model [9]. There is some initial work to understand the profits of the
attackers in real life [17], but we are lacking of deeper understanding to properly
model attackers in security games. Our model assumes that the set of weak links
does not change within the finite horizon of the game. There are two improvements one can consider regarding this assumption. First, the game is typically
a dynamic game that can be considered as an infinite game with discounting.
Second, the dynamics of changing weak links are worth exploring as well. Yet
another direction involves further refinement of the model to capture even more
specific details of security investment, such as the difference between black-box
and white-box testing. This choice defines the distribution of information and
should be modeled to affect the heuristic potential of pentesting to discover weak
links similar to a real attacker.
Our paper provides a theoretical framework for penetration testing. While
this exposition focused on the defender’s decision, we note that this kind of model
can also be solved for the cost of penetration testing to inform providers of pentest services and guide their price setting. One major question is how this model
and its conclusions fit to real data from industry sources. Obtaining such a confirmation is a potential future work. Finally, we will extend the IWL framework
considering other options for uncertainty reduction beyond penetration testing.
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A.1

Appendix
Lemma: Independence of Pentests

Let us write the total profit for the defender as
F =

tX
max

f (k, t).

(10)

t=1

In (10), f (k, t) is the profit per round and can be written as follows:
f (k, t) = a(r − q · z) − ct ,

(11)

where q is an indicator variable that takes the value of 1 if an attack is successful
and 0 otherwise; and ct is the cost in round t.
The defender chooses the initial defense k and fixes one defense at the time as
discovered by the attacker. Let us now assume that without penetration testing,
the number of rounds with successful attacks is K (where k + K threats are
warded off). In this case, we can write the total profit for the defender F as
F =

K
X
t=1

f (k, t)+

tX
max

f (k, t) =

t=K+1

K
X

(a(r−z)−(k+t−1))+

t=1

tX
max

(ar−(k+K)). (12)

t=K+1

Let G be the total profit for the defender when commissioning pentests. We
can show that penetration test independently contribute to the total profit of
the defender.
Lemma 1 For every fixed proactive defense k, the contributions to the expected
total profit from individual reactive defenses to attacks and individual penetration
tests are independent and additive.
Proof. Let M = {m1 , m2 . . . , m|M| } be the ordered set of rounds where the
defender commissions a pentest. Assuming p = 1 for now, we obtain
K−|M|

G=

X

tX
K
max
X
(a(r − z) − ct ) +
(ar − ct ) +
(ar − ct ),

t=1

where ct is the cost at round t.

t=K−|M|+1

t=K+1

Let us now separate the saved losses due to pentesting in the second sum,
K−|M|

G=

X

(a(r − z) − ct ) +

t=1

=

K
X

tX
K
K
max
X
X
(a(r − z) − ct ) +
(ar − ct )
(az) +

t=K−|M|+1

(a(r − z)) +

t=1

K
X

t=K−|M|+1

K−|M|

(az) −

X

(ct ) −

t=1

t=K−|M|+1

t=K+1

tX
K
max
X
(ct ) +
(ar − ct ).

(13)

t=K−|M|+1 t=K+1

We now develop the costs ct for each period of the game. In the period of
attacks, each pentest contributes one more to the total number of protected
threats. In addition, each pentest costs c to perform. After the attacks stop, all
links are protected and the defense cost remains k + K for the rest of the game:
G=

K
X
(a(r − z)) + |M| · (az) − |M| · c −
t=1
|M|−1 mi+1 −1

m
1 −1
X

(k + t − 1) −

−

t=1

X

X

i=1

t=mi

K
X

tX
max

t=K−|M|+1

t=K+1

−

(k + K) +

K−|M|

(k + t + i − 1) −

X
(k + t + |M| − 1) −

t=m|M|

(ar − (k + K)).

Note that if the last weak link is fixed by a pentest, then m|M| = K − |M| + 1
and the 5th sum does not exist.
Now splitting the last but one sum results in
G=

K
X
(a(r − z)) + |M| · (az) − |M| · c −
t=1
|M|−1 mi+1 −1

m
1 −1
X

(k + t − 1) −

−

t=1

X

X

i=1

t=mi

K−|M|

(k + t + i − 1) −

t=m|M|

K
X

K
X

tX
max

t=K−|M|+1

t=K−|M|+1

t=K+1

−

(k + t − 1) −

X
(k + t + |M| − 1) −

(K − t + 1) +

(ar − (k + K)).

This algebraic manipulation allows us to separate the contribution of attacks
and pentest to the total profit,
G=

K
X
(a(r − z) − (k + t − 1)) + |M| · (az − c) −
t=1
|M|−1 mi+1 −1

−

−

X

X

i=1

t=mi

K−|M|

(i) −

X

(|M|) −

t=m|M|

tX
K
max
X
(K − t + 1) +
(ar − (k + K)).

t=K−|M|+1

t=K+1

Instead of writing the costs of pentesting per round, we rewrite them as a
sum of costs per pentest,
G=

K
X

(a(r − z) − (k + t − 1)) + |M| · (az − c) −

|M| K−i+1
tX
max
X
X
(1) +
(ar − (k + K)).
i=1 t=mi

t=1

t=K+1

Finally, we can write the expression for the total profit as
G=

K
X

(a(r −z)−(k +t−1))+

t=1

|M|
X

(az −c−(K −i−mi +2))+

i=1

tX
max

(ar −(k +K)).

t=K+1

(14)
The first sum is the contribution of attacks to the profit, the second sum
shows the individual contributions of pentests and the last sum is the profit
after the original attacks would have stopped without pentests.
A.2

Optimal Number of Pentests

Now we show a detailed derivation for the optimal number of pentests. Pentests
are successful with probability p. Let E[g] be the contribution of pentesting to
the expected total profit (i.e., the second sum in (6)) and let us have a closer
look at it. Clearly, penetration testing has to contribute a positive profit to be
worth performing, i.e.,
E[g] = p

|M|
X
(az − c − (K − i − mi + 2)) > 0.

(15)

i=1

Now we use Theorem 1 and replace mi by m1 + i − 1,
E[g] = p

|M|
X

(az − c − (K − m1 − 2i + 3))

i=1

= p|M| · (az − c − K + m1 − 3) + 2 ·

|M|
X

(i)

i=1

= p|M| · (az − c − K + m1 − 3) + |M| · (|M| + 1)
= p|M| · (az − c − K + m1 + |M| − 2).

(16)

From (7) and using , we have:
K − m1 = (1 + p)|M| − 1 − .

(17)

Hence, we can rewrite (16) as
E[g] = p|M| · (az − c − (1 + p)|M| + 1 +  + |M| − 2)
= p|M| · (az − c − p|M| − 1 + ).

(18)

The series of pentests is worth performing if the expected profit E[g] is positive,
meaning that
E[g] = p|M| · (az − c − p|M| − 1 + ) > 0.

(19)

Since 0 < m1 ≤ K, we have |M| > 0 from (7) and we can write the condition
for pentesting:
az − c − p|M| − 1 +  > 0


K + 1 − m1
− 1 +  > 0.
az − c − p
1+p
We can obtain the optimal number of pentests |M|∗ as the value that maximizes (18),
|M|∗ = max p|M| · (az − c − p|M| − 1 + ) = −p2 |M|2 + p|M| · (az − c − 1 + ).
|M|

Derivation gives us the maximum value as follows:
|M|∗ =

az − c − 1 + 
,
2p

(20)

l
m
where 0 ≤ |M|∗ ≤ K+
1+p . Note that the expression in (20) returns a real number
that is optimal only asymptotically. The decision criterion can be discretized
rounding off to the nearest integer or applying a randomized strategy.

A.3

Optimal Time to Start Pentesting

The substitution of (20) into (17) also gives us the optimal time to start pentesting m∗1 ,
m∗1 = K −

where 0 < m∗1 ≤

l

K+
1+p

m

1+p
1 + 3p − (1 − p)
(az − c) +
,
2p
2p

+  holds.

(21)

A.4

Expected Total Profit of Pentesting

Substituting the optimal number of pentests into (6), we obtain an expression
for the expected total profit with optimal number of pentests,
E[G] =

|M|
K
X
X
(a(r − z) − (k + t − 1)) + p
(az − c − (K − i − mi + 2)) +
t=1
tX
max

+

i=1

(ar − (k + K))

t=K+1

K(K + 1)
+
2
∗
∗
+ p|M| (az − c − p|M| − 1 + )) + (tmax − K)(ar − (k + K))
K(K + 1)
+ E[g] + (tmax − K)(ar − (k + K)),
= K(a(r − z) − (k − 1)) −
2
(22)

= K(a(r − z) − (k − 1)) −

where E[g] takes the values depending on the conditions in (20) as

0,




if |M|∗ = 0;

m
l
K+
∗
;
if
0
<
|M|
<
E[g] =
l2
m
l
m
l
m1+p


p
p
K+

az − c − K − 1 + 1+p K+
, if |M|∗ = K+
1+p
1+p
1+p
1+p .

az−c−1+ 2

,

(23)

